Abstract. We consider a partially hyperbolic C 1 -diffeomorphism f : M Ñ M with a uniformly compact f -invariant center foliation F c . We show that if the unstable bundle is one-dimensional and oriented, then the holonomy of the center foliation vanishes everywhere, the quotient space M {F c of the center foliation is a torus and f induces a hyperbolic automorphism on it, in particular, f is centrally transitive. We actually obtain further interesting results without restrictions on the unstable, stable and center dimension: we prove a kind of spectral decomposition for the chain recurrent set of the quotient dynamics, and we establish the existence of a holonomy invariant family of measures on the unstable leaves (Margulis measure).
Introduction
The aim of this article is a classification of partially hyperbolic systems with onedimensional unstable (or stable) direction under the additional assumption of a uniformly compact center foliation. A C 1 -diffeomorphism f : M Ñ M is called partially hyperbolic if there exists an invariant, non-trivial decomposition of the tangent bundle
x f E α pxq " E α pf pxqq , α " s, c, u, and if for every x P M and all unit vectors v s P E s pxq, v u P E u pxq and v c P E c pxq it holds }d x f pv s q} ă }d x f pv c q} ă }d x f pv u q} , }d x f pv s q} ă 1 ă }d x f pv u q} .
The stable and unstable bundles E s and E u are uniquely integrable to f -invariant stable and unstable foliations F s and F u . By contrast, the center bundle E c is in general not uniquely or even weakly integrable (cf. [Wil98, HRHU10] ). We assume in the following that there exists a uniformly compact f -invariant center foliation F c everywhere tangent to the center bundle E c where a foliation is called uniformly compact if every leaf is a compact manifold and the leaf volume is bounded (see Section 2). Recall that every Anosov diffeomorphism with a one-dimensional unstable direction is conjugate to a hyperbolic toral automorphism (see [Fra70, New70] ). The hypothesis of a compact center foliation allows us to recover (topological) hyperbolicity for the induced dynamics on the quotient space of center leaves such that we can follow the lines of the classical result and show that the induced dynamics on the quotient is actually conjugate to a hyperbolic toral diffeomorphism. The difficulties arise at two places: first, the center holonomy may not be trivial so that the induced dynamics is certainly not hyperbolic (see example in [BB12] ), so the first step is to show that the holonomy group is trivial (if the unstable bundle is oriented). Second, the quotient space is a priori a topological manifold without a differentiable structure and the induced dynamics is not differentiable, so we pass usually to the manifold M whenever differentiability is needed for the arguments. Important tools to circumvent these difficulties are the dynamical coherence for f and the Shadowing Lemma for orbits of center leaves proved in [BB12] which allows us to prove the central transitivity of f (if the unstable bundle is one-dimensional) which quite directly implies the triviality of the center holonomy. Further, dynamical coherence means that center stable and center unstable foliations exist, and they can be projected to stable and unstable (topological) foliations on the quotient space. Let us now state the main result of this article: Theorem 1. Let f : M Ñ M be a partially hyperbolic C 1 -diffeomorphism on a compact smooth connected manifold M . Assume that the center foliation F c is an f -invariant uniformly compact foliation.
If dim E u " 1 and E u is oriented, then the leaf space M {F c is a torus T q and the dynamics F : M {F c Ñ M {F c induced by f is topologically conjugate to an Anosov automorphism on T q where q " codim F c .
The proof of Theorem 1 consists of three main steps: 1. Central transitivity: we show that under the assumptions above the diffeomorphism f has a center leaf whose orbit ist dense (Theorem 3). 2. Trivial holonomy: the center leaves have only trivial holonomy (Theorem 4). 3. Margulis measure on leaf space: we establish the existence of a Margulis measure on the leaf space (Theorem 2).
Remark 1.1. If E u is not oriented, then the partially hyperbolic diffeomorphism f can be lifted to the orientation cover of E u . The center stable foliation lifts canonically to a transversely oriented codimension one foliation. Hence, the condition of orientability is always fulfillable.
In fact, we establish the third step without restriction on the dimension of the unstable bundle the existence of a Margulis measure, a family of measures whose support lies on unstable leaves, so we state this result here in its full generality:
Theorem 2 (Existence of Margulis measure). Let f : M Ñ M be a C 2 partially hyperbolic diffeomorphism with an f -invariant compact center foliation with trivial holonomy. Suppose f is centrally transitive. Then there exists a family tµ L u u L u PF u of measures with the following properties:
1. For every L u P F u the measure µ L u is a regular Borel measure on the unstable leaf L u , and the measure is positive on non-empty open sets within L u . 2. The family of measures is invariant under the center stable holonomy. 3. The family of measures is uniformly expanding under f , i.e. there exists β ą 1 such that µf pL u qpf pAqq " βµ L u pAq for every open set A Ă L u .
As a direct corollary -following the classical construction by Margulis in [Mar70] -we obtain a complete f -invariant measure µ on M defined on F c -saturated sets.
Corollary 1.2. There exists an f -invariant Margulis measure µ on M defined on F c -saturated sets.
Remark 1.3 (Why codimension one?).
‚ As mentioned before, the proof of Theorem 1 depends on a result about codimension-one Anosov diffeomorphisms. Consequently, Theorem 1 cannot be extended to a system with higher-dimensional unstable bundle without essential changes of the proof. It should be remarked that a corresponding generalization in the case of Anosov diffeomorphisms that they are always transitive and conjugate to an algebraic automorphism is only conjectured and not yet proved. ‚ Another difficulty arises at the following point: a finite holonomy is a continuous group action of a finite group of periodic homeomorphisms on a smoothly embedded disk in the manifold M which is a priori not linear. We do not know a lot about these so-called continuous transformation groups if the dimension of the disk is greater than 2. ‚ Further, the following easy examples illustrate that in the case of a twodimensional unstable bundle a 2-cover is not enough to eliminate center leaves with non-trivial holonomy. Besides, there can exist f -invariant submanifolds in M which consist of center leaves with non-trivial holonomy.
Example 1.4. 1. Let A P SLp2, Zq be a hyperbolic matrix with eigenvalues 0 ă λ ă 1 ă µ. Define the following matrix F A by diagpA, A, idq P GLp5, Zq which induces a partially hyperbolic toral automorphism f A on T 5 with a one-dimensional compact center foliation txuˆS 1 . Let B :" 0´id 0 id 0 0 0 0 1‚ P GLp5, Zq. We define a free action of Z 4 on T 5 by H :"
B``0 0 0 0 1 4˘T . Then f A commutes with this finite group action and T 5 {Hx " x is a manifold with a partially hyperbolic diffeomorphism F A induced by f A . The leaf space of the center foliation is a 4-orbifold with four singular points, 1 2 , 1 2 , 1 2 , 1 2˙,ˆ1 2 , 0, 1 2 , 0˙,ˆ0, 1 2 , 0, 1 2˙, p0, 0, 0, 0q with non-trivial holonomy H of order four and twelve singular points of order two. 2. Let F A P SLp5, Zq be the matrix defined above which induces a partially hyperbolic torus automorphism f A on T 5 with a one-dimensional compact center foliation txuˆS 1 . Let B :" diagpid,´id, 1q P GLp5, Zq and define a free action of Z 2 on T 5 by H :" B``0 0 0 0 1 2˘T . Then f A commutes with this group action and the resulting manifold T 5 {Hx " x carries a partially hyperbolic diffeomorphism F A induced by f A . The leaf space of the center foliation is a 4-orbifold with four tori of singular points: px 1 , x 2 , a, bq One motivation for the topic of this article was the question if the study of partially hyperbolic diffeomorphisms with a uniformly compact center foliation could be restricted to the case of a compact center foliation with trivial holonomy. This would be possible if we show that any system with finite holonomy can be lifted to a finite cover where the holonomy vanishes everywhere. It should be remarked that a priori -without assuming a partially hyperbolic dynamics on the manifold -such a cover does not exist: there exist uniformly compact foliations whose quotient space cannot be finitely covered by a manifold, but is a so-called bad orbifold (see [CH03] , section 7 for examples of such foliations which are called bad compact Hausdorff foliations in that article). So, to answer this question dynamical properties, features of compact foliations with finite holonomy and their interplay have to be utilized at the same time. A way to validate this intuition is to show that the center holonomy is globally affected whenever one locally builds in a center leaf with higher holonomy.
Related work: we would like to mention that Theorem 1 overlaps with a result by Gogolev in [Gog11] where he proved a similar statement for partially hyperbolic diffeomorphisms with a uniformly compact center foliation of codimension 2 or with simply connected leaves and one-dimensional unstable direction. The assumption of simply connectedness directly implies trivial center holonomy.
This work is organized as follows: in the first section 2 we introduce and define the setting of this article and prove some preliminary results we need in the main proofs. In the subsequent sections the three steps leading to Theorem 1 are proved, every one in a separate section. Consequently, we start with the proof of the central transitivity (Theorem 3) in Section 4 where the first part is dedicated to the chain recurrent set and its decomposition (valid for any dimensions of the invariant foliations), and we go on with the proof of the trivial holonomy (Theorem 4) of the center foliation under the assumption of a one-dimensional oriented unstable subbundle. Section 6 is employed by the construction of a family of measures with support on the unstable leaves (Theorem 2). This family is essential for the proof of the conjugacy between the quotient dynamics and a hyperbolic torus automorphism in Section 7.
Acknowledgements. I am deeply indebted to Christian Bonatti for his time to discuss the results of this paper with me. Further, I would like to thank Sébastien Alvarez for discussions about the Margulis measures and his helpful comments in this aspect. Last, but not least, the detailed comments and suggestions of the referees helped a lot to improve the present article.
Background
In the following paragraphs we introduce the basic concepts and the setting of this article, and we motivate our assumptions of a uniformly compact center foliation.
Remark 2.1. We assume a compact center foliation F c and accordingly, every center leaf is an embedded C 1 -manifold in M . The center bundle E c is a continuous subbundle of T M as a consequence of the definition of partial hyperbolicity, and the center foliation is tangent to this continuous distribution. Whenever we say foliation in this article, we mean such a foliation with C 1 -leaves tangent to a continuous distribution.
2.1. Uniformly compact foliations. We shortly recall the notion of holonomy that we use in this article: we consider a closed path γ : r0, 1s Ñ L with γp0q " x P L which lies entirely inside one leaf L. We define a homeomorphism H γ on a smooth disk T of dimension q " codim F transversely embedded to the foliation F at x which fixes x and maps intersection points of a nearby leaf L 1 onto each other following the path γ. We call it the holonomy homeomorphism along the path γ. The definition of H γ (class of germs of H γ ) only depends on the homotopy class rγs of γ. Hence, we obtain a group homomorphism
where HomeopR q , 0q denotes the classes of germs of homeomorphisms R q Ñ R q which fix the origin. The image of this group homomorphism is called the holonomy group of the leaf L and denoted by HolpL, xq. By taking the isomorphism class of this group it does not depend on the original embedding of T in M . It is easily seen that any simply connected leaf has a trivial holonomy group. A classical result (proved in [Hec77] and [EMT77] ) states that leaves with trivial holonomy group are generic. We say that a foliation has finite holonomy if the holonomy group HolpL, xq for any x P M is a finite group. Consequently, every holonomy homeomorphism is periodic. We call a foliation whose leaves are all compact and have finite holonomy group a uniformly compact foliation. These foliations are also called compact Hausdorff foliations in foliation theory referring to the fact that the quotient space of such a foliation is Hausdorff. This notion is also equivalent to the notion of a foliation whose leaves have uniformly bounded volume.
Example 2.2 (Partially hyperbolic diffeomorphisms with non-trivial center holonomy). Bonatti and Wilkinson construct in [BW05] a partially hyperbolic diffeomorphism on the 3-torus fibering over the 2-torus which commutes with a Z 2 -action on the 3-torus. Hence, the system induces a partially hyperbolic diffeomorphism on the resulting quotient manifold with a center foliation by circles and four center leaves with non-trivial holonomy corresponding to the fixed points of the Z 2 -action on the 2-torus and coinciding with the singular leaves of the Seifert fibration over the 2-orbifold.
This example can be generalized in the following way:
Example 2.3. Let M be a compact manifold, G a compact Lie group and H ă G a finite subgroup which acts freely on MˆG by the canonical product action px, gq Þ Ñ ph.x, gh´1q. Let f : M Ñ M be a H-equivariant Anosov diffeomorphism, i.e. f ph.xq " h.f pxq for all x P M and h P H. Let φ : M Ñ G be a smooth H-invariant map. Then N :" MˆH G " MˆG{ph.x, gq " px, gh´1q is a compact manifold and the partially hyperbolic skew product F φ : MˆG Ñ MˆG, F φ px, gq " pf pxq, φpxqgq induces a partially hyperbolic diffeomorphism f φ : N Ñ N . The center foliation ttxuˆG{px " h.xqu is a compact foliation and the holonomy group of every center leaf L x " G{H x through x equals the isotropy group H x of the Haction on M .
Although all leaves are compact manifolds, it can occur that the volume of a ball with increasing radius inside a leaf is unbounded. This cannot occur if the codimension of the foliation is one or two, as shown in [Ree52] for codimension one on non-compact manifolds and in [Eps72] for codimension two on compact manifolds. But Sullivan constructed in [Sul76a] and [Sul76b] a flow on a compact 5-manifold, that is a codimension 4 foliation, such that every orbit is periodic but the length of orbits is unbounded. Later, Epstein and Vogt in [EV78] constructed an example of a foliation by circles with the same properties on a compact 4-manifold. In the following we will therefore assume a uniformly compact center foliation if the codimension is strictly greater than 2. The reason why we restrict ourselves to uniformly compact foliations is closely related to the point that in that case there exist small saturated neighborhoods V pLq of any leaf L that are foliated bundles p : V pLq Ñ L and the holonomy group is actually a group. This fact is the content of the Reeb Stability Theorem which is proved in the present form in [CC00]:
Theorem 2.4 (Generalized Reeb Stability). If L is a compact leaf of a foliation F on a manifold M and if the holonomy group HolpL, yq is finite, then there is a Remark 2.7. In the case of a trivial center holonomy the resulting leaf space is a topological manifold. We showed in [BB12] that in this case the partially hyperbolic diffeomorphism is dynamically coherent, and accordingly, the center stable and center unstable foliations induce stable and unstable topological foliations in the leaf space, the induced homeomorphism F on the leaf space is then expansive and has a local product structure.
2.2. Finite homeomorphism groups. We assume that the holonomy group of any center leaf is a finite group, unless in the case of a codimension-2 center foliation where it is implied by the compactness of the foliation. For every x P M and L P F c the holonomy group HolpL, xq consists of periodic homeomorphisms and acts continuously on the smooth manifold T transverse to L at x P L. Therefore, we can find some useful results on the fixed point sets of such homeomorphisms from the theory of finite transformation groups which we need and cite here. First, it is quite obvious that any non-trivial periodic homeomorphism of p´1, 1q Ñ p´1, 1q which leaves the origin fixed reverses the orientation.
Lemma 2.8. Let Homeo pp´1, 1q, 0q be the group of germs at 0 P R of homeomorphisms which leave 0 P R fixed. Let G be a finite subgroup of Homeo pp´1, 1q, 0q. Then G has at most 2 elements. If G has 2 elements, then one of them reverses orientation.
Remark 2.9. As a direct implication it follows that every transversely oriented codimension one foliation with finite holonomy has actually trivial holonomy.
The following theorem describes the fixed point set of periodic homeomorphisms of the two-dimensional disk D 2 Ă R 2 (announced in [vK19] and [Bro19] , proved in [Eil34] .) Theorem 2.10 (Theorem of Kerékjártó). Suppose g : D 2 Ñ D 2 is a periodic homeomorphism of period n ą 1. Then g is topologically conjugate to a orthogonal matrix A P Op2q, i.e. there is a homeomorphism h such that g " h´1Ah. If g is orientation-preserving, the set of fixed points is a single point which is not on the boundary. If g is orientation-reversing, then g 2 " id and the set of fixed points is a simple arc which divides D 2 into two topological discs which are permuted by g.
We will need that any periodic homeomorphism on a open disk is conjugate to a finite order rotation around the origin or to a reflection. This is a direct consequence of the Theorem of Kerékjártó:
Corollary 2.11 ( [CK94] ). Let f : R 2 Ñ R 2 be a periodic homeomorphism. Then f is conjugate to a finite order rotation around the origin or to the reflection about the x-axis.
Unfortunately, equivalent statements in higher dimensions are only available in the case of a differentiable group action: Bochner showed in [Boc45] ) that if a compact group of local transformations has a fixed point and if it is uniformly smooth (C k , k ě 1), then there exists a smooth local change of coordinates such that the transformations act linearly with respect to this new coordinate system. In particular, if a uniformly compact foliation of codimension q is transversely differentiable, the holonomy group can be assumed to act linearly as a subgroup of Opqq on the transversal. But Bing constructed in [Bin52] a counterexample of a 2-periodic homeomorphism h of the 3-dimensional euclidean space (or on the 3-sphere) which has a double horned sphere as fixed point set and is therefore not topologically conjugate to a linear map. With this involution one can easily construct a foliation defined by a fibration on a mapping torus S 3ˆr 0, 1s{px, 0q " phpxq, 1q which has leaves (corresponding to the fixed points of h) with a holonomy group generated by this homeomorphism h.
Question 2.12. Does there exist a partially hyperbolic diffeomorphism with a compact center foliation such that 1. the center holonomy of every leaf is induced by a global group action and 2. the fixed point set of this global group action (corresponding to the center leaves with maximal holonomy) is not a submanifold? More generally, does there exist a partially hyperbolic diffeomorphism with a uniformly compact center foliation which has a holonomy group which is not a group of isometries (there does not exist a local coordinate system such that the group acts as a group of isometries with respect to these local coordinates)? 2.3. Dynamical coherence and structural stability. Although there exist three foliations tangent to the center, unstable and stable bundle respectively it is not clear that the center unstable bundle E cu :" E c 'E u or the center stable bundle E cs are integrable. A counterexample on the 3-torus is constructed in [HRHU10] . The property in question is defined as follows: a partially hyperbolic diffeomorphism f is called dynamically coherent, if there exist a center stable foliation F cs tangent to E cs " E s ' E c and a center unstable foliation F cu tangent to E cu " E c ' E u . dynamical coherence is essential for our investigation of partially hyperbolic systems with an f -invariant uniformly compact center foliation. Due to dynamical coherence any smooth manifold transverse to a center leaf L is foliated by stable and unstable leaves induced by the center stable and center unstable foliation. We showed in [BB12] that every partially hyperbolic diffeomorphism with an finvariant uniformly compact center foliation is dynamically coherent. Further, using the shadowing property for center leaves we showed in [BB12] that pf, F c q is plaque expansive and hence, structurally stable (in the sense of [HPS70] ), i.e. every partially hyperbolic diffeomorphism g, sufficiently close to f with respect to the C 1 -topology, has a center foliation which is leafwise topologically conjugate to the center foliation of f . This means, we can perturb f a bit in order to get a diffeomorphism as smooth as we want without changing the dynamical properties. In order to utilize the absolute continuity of the stable and unstable foliations we have to use this fact later on to prove Theorem 2.
2.4. Codimension 2 and Codimension 3. Before we start with the proofs of our results we outline the proof of Theorem 1 for the case that the center foliation has codimension two or three. In these cases the low codimension allow a more direct approach: 2.4.1. Codimension 2: We recall that we do not have to assume a finite holonomy in this case as it is implied by the compactness of leaves (cf. [Eps72] ).
As dim E u " dim E s " 1 the center holonomy is trivial if the stable and unstable bundles are oriented. So, by lifting the diffeomorphism to the at most 4-sheeted orientation cover of M we can assume that the center foliation is without holonomy. The 2-dimensional leaf space M {F c is then a topological manifold and the partially hyperbolic diffeomorphism f induces an expansive homeomorphism F on M {F c . A theorem by Lewowicz in [Lew89] implies then that F is conjugate to a hyperbolic toral automorphism. The proof that a 2-sheeted cover suffices to eliminate the center holonomy follows the lines of Section 5 (see proof in Subsection 5.2.3). Further, the result is more precise in this case: we can easily conclude that there are either four center leaves with non-trivial holonomy or none. Every non-trivial holonomy homeomorphism is conjugate to a rotation by π. The leaf space is either a 2-orbifold with four elliptic points and underlying manifold a 2-sphere or a 2-torus.
Codimension 3: Assuming that dim E
s " 2 and dim E u " 1 we can also completely describe the possible center holonomy groups as we can use the Corollary 2.11 above. So, if E u and E s are oriented, we know that every center holonomy homeomorphism is the identity in the unstable direction and a finite rotation in the stable direction. It is left to rule out the possibility of a non-trivial rotation, this is done with the methods of Section 5. Consequently, we have trivial center holonomy and the leaf space is a topological 3-manifold with an induced expansive homeomorphism F . Utilizing the central transitivity of f , proved below, a result by Vieitez in [Vie99] (together with [Fra70] ) implies directly that F is conjugate to a hyperbolic toral automorphism. In contrary to codimension 2, it is indispensable for this conclusion that f is centrally transitive (see Subsection 5.2.4 below). As in the case above, we get a complete description of the possible partially hyperbolic systems with a compact center foliation of codimension 3: the leaf space M {W c is either a 3-orbifold T 3 { p´idq with 8 singular points or a 3-torus.
The chain recurrent set of the quotient dynamics
Let f be a partially hyperbolic C 1 -diffeomorphism with a uniformly compact center foliation F c . Denote by F the homeomorphism on the quotient space M {F c induced by f . We call the dynamics by F on the leaf space M {F c shortly the quotient dynamics. The results in this subsection hold in this general setting without any restrictions on the codimension of the center foliation. For any ǫ ą 0 we call an
Denote the set of chain recurrent leaves by CRpF q called chain recurrent set. We denote by
the chain recurrent class of a center leaf L. Then the chain-recurrent set CRpF q is a union Ť CRpLq of chain-recurrent classes. Each chain recurrent class is a compact F c -saturated and f -invariant set. For L P F c we denote by F Proof of Lemma 3.1. Assume that there are infinitely many chain-recurrent classes. Then for every δ ą 0 there exist center leaves L 1 and L 2 such that CRpL 1 q X CRpL 2 q " ∅ and L 2 Ă B H pL 1 , δq. We choose δ ą 0 sufficiently small. Then the intersection of F u loc pL 1 q with F s loc pL 2 q and conversely of F s loc pL 1 q with F u loc pL 2 q contain at least one point, and we can construct for every ǫ ą 0 an ǫ-chain which connect CRpL 1 q and CRpL 2 q and conversely. This implies the equality of both chain recurrent classes: CRpL 1 q " CRpL 2 q.
We denote the finite chain recurrent classes by Ω 1 , . . . , Ω n . We have
Ťkěn f´kpLq˘, called ω-and α-limit sets. First, we recall the following fact:
The finite number of chain recurrent classes Ω 1 , . . . , Ω n comprises the chain recurrent set CRpF q. There exists a natural way to order the chain recurrent classes: We say that Ω i ď Ω j if for every ǫ ą 0 there exists an ǫ-pseudo orbit tL n u nPZ of center leaves such that d H pL n , Ω i q Ñ 0 for n Ñ´8 and d H pL n , Ω j q Ñ 0 for n Ñ 8. This order on the set of chain recurrent classes together with the finiteness of chain recurrent classes implies directly the following corollary, due to Conley theory (see [Con78] ):
Corollary 3.3. There exists a chain-recurrent class R Ă CRpF q which is a repeller, i.e. there exists a F c -saturated neighborhood U Ą R such that f´1pU q Ă U and Ş ně0 f´nU " R. We recall that we proved in [BB12] the dynamical coherence of f and further the so-called completeness, that is, every center stable leaf L cs of the center stable foliation F cs tangent to E c ' E s is equal to the union of stable leaves through one center leaf L Ă L cs , what we denote by the stable leaf F s pLq of the center leaf L. With this notation, we state the following property which plays a crucial role in the proof of transitivity:
Proof of Lemma 3.4. Let L P F c be an arbitrary center leaf. Claim 3.2 implies that there exists a chain recurrent class Ω i such that ωpLq Ă Ω i . Consequently, there exist n ą 0 and
n Lq contained in the intersection of the center stable with the center unstable leaf. We prove that L 1 n Ă Ω i : Claim 3.5. With the notations above we have L 1 n Ă Ω i . Proof of Claim 3.5. We have αpL
is chain recurrent to αpL 1 n q and ωpL
Because every center stable leaf L cs P F cs is by the completeness of the foliations equal to the stable foliation F s pLq through any center leaf L Ă L cs we get the following consequence of the previous Lemma: Corollary 3.6. For every center stable leaf L cs there exists i P t1, . . . , nu such that
With the help of the previous results we can now prove the transitivity of F under the additional hypothesis of a one-dimensional unstable direction.
Central transitivity
We proceed with the proof of the central transitivity, the first step in order to prove Theorem 1. The central transitivity of f is equivalent to the transitivity of the induced homeomorphism F on the leaf space which is a compact metric space with induced (probably) singular stable and unstable foliations. Recall that Newhouse in [New70] proved that any codimension one Anosov diffeomorphism is transitive. We can not adapt his proof to our setting as it essentially requires differentiability and the existence of non-singular foliations which provide a local product structure. Nevertheless, we can use the main idea of a simplified proof by Hiraide in [Hir01] of Newhouse's theorem. The adaptation of this idea is not straightforward as points are substituted by compact center manifolds with probably non-trivial holonomy. So we do not have a local product structure. In fact, a local stable leaf may intersect a local unstable leaf several times (cf. example in [BW05] and the discussion of its pathological behavior in [BB12] ). The main ingredient to accomplish the proof is the Shadowing Lemma proved in [BB12] and the decomposition of the chain recurrent set (see Section 3 above) in the setting of a uniformly compact center foliation. This section is dedicated to the proof of the following theorem:
Theorem 3 (Central Transitivity). Let f : M Ñ M be a partially hyperbolic C 1 -diffeomorphism with a uniformly compact f -invariant center foliation. Suppose that dim E u " 1. Then f is centrally transitive.
Remark 4.1. First, we observe that Theorem 3 proved under the additional assumption of an orientable unstable bundle E u implies Theorem 3. If the unstable bundle is non-orientable, the whole system f can be lifted to a partially hyperbolic systemf on the 2-coverM of orientation of E u andf fulfills all the assumptions of Theorem 3 plus orientability of E u , hence, the diffeomorphismf is centrally transitive and consequently, f is centrally transitive.
Remark 4.2. In the following we assume that the codimension of the center foliation is greater or equal than three. The case of a codimension 2 center foliation can be treated in a far easier way without using central transitivity as we explained above in Subsection 2.4 and Subsection 5.2.3 respectively.
From now on we suppose that E u is one-dimensional and oriented. As a consequence, the center-stable foliation F cs has trivial holonomy. The proof of Theorem 3 divides into the following two steps:
1. We prove that f is centrally chain transitive, i.e. that F on the leaf space is chain transitive (Proposition 4.3). 2. Any partially partially hyperbolic diffeomorphism f with an f -invariant uniformly compact center foliation which is centrally chain transitive is in fact centrally transitive. This is a direct implication of the Shadowing Lemma on the leaf space, proved in [BB12] .
So, for Theorem 3 it suffices to prove the following proposition:
Proposition 4.3. Under the assumptions of Theorem 3, the diffeomorphism f is centrally chain transitive, i.e. F : M {F c Ñ M {F c is chain transitive.
Proof of Proposition 4.3.
The notations used in this subsection are introduced in Section 3 above. We consider a repeller R Ă M and a F c -saturated neighborhood U Ą Ω such that U X Ω j " ∅ for any other chain-recurrent class Ω j . For all center leaves L P R it is F s pLq Ă R. For the proof of Proposition 4.3 we show the following Lemma:
This Lemma together with the previous results about the chain recurrent classes in Section 3 implies Proposition 4.3 directly:
Proof of Proposition 4.3. Lemma 4.4 implies that there exists L Ă U such that
We prove now the Principal Lemma 4.4 in several smaller steps:
repeller with respect to the dynamics F of the center foliation. Then there exist finitely many F c -saturated
coincides with a unstable segment of the unstable foliation.
Further, every border plaque homeomorphic to U iˆt˘1 u is either contained in the interior of R or it lies completely outside of R. In particular, there exists i such that the plaque U iˆt αu, α P t´1, 1u is disjoint from R.
Proof of Lemma 4.5. Under the assumptions above we showed that f is dynamically coherent, hence, the center stable foliation is subfoliated by the stable and center foliation. Therefore, we can apply the Reeb Stability Theorem to the uniformly compact foliation F c inside the center stable foliation F cs . This together with the compactness of the repeller R gives us directly the existence of finitely many open F c -saturated sets W j Ă U inside the center stable foliation F cs through R such that every set W j is a tubular neighborhood of a center leaf L j and p j : W j Ñ L j is a fiber bundle where every fiber is a stable disk inside F s pL j q X W j . The unstable foliation F u is one-dimensional, oriented and transverse to the center stable foliation F cs . The center unstable foliation is thanks to the dynamical coherence subfoliated by the unstable and center foliation. By applying the Reeb Stability Theorem to the uniformly compact center foliation inside the center unstable foliation we get F c -saturated tubular neighborhoods Y k such that Y k is homeomorphic to L kˆp´1 , 1q where L k is a center leaf inside Y k . Every Y k is trivially foliated as a product because the holonomy along center leaves is trivial. We fit both sets of F c -tubular neighborhoods pW j q and pY k q together by centering them in the same center leaf L k of Y k and by shrinking them if necessary such that we obtain some compact F c -saturated sets V i which are homeomorphic to U iˆr´1 , 1s where every U i has the same properties as W j above. This gives the first three items of the Lemma.
The last item is a direct consequence of the fact that R is a repeller and F cssaturated. Therefore any tubular neighborhood U i inside a center stable leaf lies either completely inside or outside of R.
We have now a cover with compact sets of R inside the open neighborhood U of R. By changing a bit the parametrization of the unstable foliation of the compact sets V i we could assure that there exists one V i such that either U iˆt 1u or U iˆt´1 u lies completely outside R.
Remark 4.6.
1. For simplicity, we denote the F c -saturated stable plaque through x P U by U x abbreviating φ´1 i pU iˆt tuq. We also identify V i with its homeomorphic image U iˆr´1 , 1s. 2. As every unstable leaf of F u is homeomorphic to R we have a natural order on every unstable segment. 3. By changing the orientation of F u we can assume that there exists i such that U iˆt 1u lies outside R. 4. By D s px, γq we denote a stable disk (inside a stable leaf) of diameter γ centered at x.
From now on we fix a cover pV i q of R with the properties given by Lemma 4.5. In every neighborhood U iˆr´1 , 1s if possible we choose points m i P R which are the maximal points of intersection with respect to the orientation of E u , i.e. the set
Lemma 4.7. There exists a compact set ∆ Ă L cs pm 1 q such that
1. ∆ contains all plaques U mj of points m j where m j P L cs pm 1 q and 2. L cs pm 1 q ∆ is path-connected.
To find a compact set with the first property of Lemma 4.7 is an easy task, so the main problem is to find a compact set whose complement is path connected. Consequently, the proof of Lemma 4.7 relies on the following proposition:
Proposition 4.8. For every center stable leaf L cs P F cs and for every compact
Proposition 4.8 is proved by the following three Lemmata which relie on the following fact: the center foliation F c is a uniformly compact foliation and the manifold M is compact, hence, there exists a maximal cardinality of the holonomy groups of the center leaves. Consequently, there exists for every center stable leaf L cs P F cs a center leaf L 0 Ă L cs with maximal holonomy inside L cs , this means, for every center leaf L 1 Ă L cs it holds that | HolpL 1 q| ď | HolpL 0 q|. These considerations allow us to prove the following Lemma:
Lemma 4.9. Let L cs P F cs be a center stable leaf and let L 0 P L cs be a center leaf such that | HolpL 1 q| ď | HolpL 0 q| for every center leaf
Proof of Lemma 4.9. We have fixed a finite cover pV i q of R defined by Lemma 4.5. Every F c -saturated set V i is homeomorphic to U iˆr´1 , 1s. Then there exists a Lebesgue number γ ą 0 such that for all x P R there exists i such that
Then we could assume that x 1 , x 2 lie inside a local stable manifold L s γ px 1 q with radius γ. Consequently, there exists i such that F c pD s px 1 , γqq Ă U i and therefore this implies L 0 Ă U i . The set U i is a fiber bundle over a center leaf with locally maximal holonomy group, this means, there exists a center leaf L i Ă U i such that Proof of Lemma 4.7. We take the closure U mj of neighborhoods containing the maximal points m j P L cs pm 1 q (m 1 included) which are finitely many. So the union Ť j U mj is a compact set inside L cs pm 1 q which we denote by ∆ 0 . The set ∆ 0 already fulfills the first property of the searched ∆. With Proposition 4.8 we assure the existence of a compact set ∆ Ą ∆ 0 with the wanted properties which completes the proof.
With the arguments above we have established the existence of compact set ∆ Ă L cs pm 1 q such that L cs pm 1 q ∆ is connected. We denote by px,
ù pxq the open arc in the unstable leaf with x ă y with respect to the orientation of F u .
Lemma 4.12. For all x P L cs pm 1 q ∆ there exists y P L ù pxq X R such that px, yq u X R " ∅.
Proof of Lemma 4.12. Let x P L cs pm 1 q ∆ be an arbitrarily chosen point. There exists some neighborhood V i and a center stable plaque U iˆt pu " U x Ă R with p ă 1 within V i such that x is contained in it. The point x is not inside ∆, hence, there is no maximal point m i of intersection inside U x X R, so there must exist a point y P L ù pxq X R with y ą x in sense of orientation of E u . We choose y minimal (with respect to the orientation of E u ) with these properties, so it follows px, yq u X R.
We denote by I x " px, yq u where y is defined by Lemma 4.12 above.
Lemma
Lemma 4.14. Let x 1 P L cs pm 1 q ∆ and γ a closed path with γp0q " γp1q " x 1 then H γ " id.
Proof of Lemma 4.14. Assume H γ ‰ id. As H γ is an orientation preserving homeomorphism of the interval I x1 there exists a fixed point p P I x1 such that either the interval pp, p`ǫq or pp´ǫ, pq is attracted to p. The closed path γ can be uniquely lifted to a path γ p through p inside the center stable leaf L cs ppq through p. Then the center stable leaf L cs ppq has a germ of a holonomy homeomorphism h γp which is not the identity contradicting that the center stable foliation has trivial holonomy.
Lemma 4.15. Let y P L ù pm 1 q be a point sufficiently close to m 1 . Then L cs pyq Ă U .
Proof of Lemma 4.15. Let ∆ 1 Ă L cs pm 1 q be a compact F c -saturated set such that ∆ Ă intp∆ 1 q. As ∆ 1 is compact we can cover it with finitely many V i of the cover pV i q. By the choice of ∆ 1 it can be covered by F c -saturated stable plaques U k inside V i . Each of these plaques U k X ∆ 1 can be pushed inside V i to the F c -saturated stable plaque through L cs pyq, i.e. V i X L cs pyq as V i is a product neighborhood with respect to the center stable foliation -given y P L ù pm 1 q sufficiently close to m 1 . In this way we obtain a homeomorphic set ∆ 1 y through y. Fix y 0 P ∆ 1 ∆. By Lemma 4.12 there exists a y R such that py 0 , y R q u Ă L ù py 0 q does not intersect R. We choose then y P L ù pm 1 q in such a way that ∆ 1 y intersects py 0 , y R q u . Then the homeomorphism H γ with respect to a path γp0q " y 0 and γp1q " x is well-defined for any x P L cs pm 1 q ∆. The proof of the following claim ends the proof of the Lemma. Proof. The set is actually equal for any point y 0 P ∆ 1 ∆, so it does not depend on the choice of y 0 .
Trivial Holonomy
We can now show that the center foliation has only trivial holonomy under the assumption of a one-dimensional oriented unstable direction. First, we prove some general preliminary results about the center holonomy group. 5.1. Center holonomy. Let φ : D q Ñ M be a smooth embedding of a q-dimensional disk D q where q " codim F c , φp0q " x and φpD": T is transverse at x to L " L x P F c . Then F cs and F cu induce foliations on T , called T s and T u respectively. We denote by H γ a holonomy homeomorphism generated by γ P π 1 pL, xq, by H u γ a holonomy homeomorphism of the center-stable foliation generated by γ P π 1 pL, xq and with H s γ a holonomy homeomorphism of the center-unstable foliation.
Lemma 5.1. Let f : M Ñ M be a C 1 -partially hyperbolic system with an finvariant uniformly compact center foliation F c . Assume dim E u " 1. For all γ P π 1 pL, xq, the holonomy map H γ : T Ñ T is a cartesian product H u γˆH s γ . If E u is oriented, then it holds H u γ " id. Proof of Lemma 5.1. Let γ P π 1 pL, xq be an arbitrary closed path. The path γ is tangent to a leaf of F cs and to a leaf of F cu as the center foliation F c is subordinate to both foliations. As transversal for H x is conjugate to the identity due to Lemma 2.8. Remark 5.2. The first statement of Lemma 5.1 that every holonomy map is a cartesian product of the stable and unstable holonomy restricted to the respective center leaf is equally true for all codimensions of a uniformly compact center foliation.
In the following proofs we consider sets of center leaves with a maximal holonomy group, and it is crucial for the proofs to know that such sets are f -invariant. Hence, we need the following quite immediate property of the holonomy group: Lemma 5.3. Let HolpL, xq be a finite holonomy group of a compact leaf L P F c through x P M . Let H γ P HolpLq be a periodic holonomy homeomorphism. Then the period of H γ : T Ñ T is constant along an orbit of f , i.e. the period of H f˝γ is equal to the period of H γ . Every holonomy group Holpf k pLq, f k pxqq for k P Z is isomorphic to the holonomy group HolpL, xq of L.
Proof of Lemma 5.3. Let H γ P HolpL, xq be a periodic holonomy homeomorphism. Let k P N be the period of H γ . The path f˝γ generates a holonomy homeomorphism of Lpf pxqq. Because of the invariance of the foliations we conclude that H f˝γ " f˝H γ˝f´1 : f pT q Ñ f pT q. Hence, the period of H f˝γ is equally k. This induces a bijection between the holonomy homeomorphisms H γ P HolpL, xq and H f˝γ P Holpf pLq, f pxqq. Accordingly, the order of the whole holonomy group is constant along a f -orbit.
Hence, we can say that f is equivariant under Hol, i.e. f pHpyqq " Hpf pyqq for any H P Hol and y P T . We define the following set A of all points x P M whose center leaves have a holonomy group Hol pL, xq of maximal order.
Lemma 5.4. Let f : M Ñ M be a partially hyperbolic C 1 -diffeomorphism with a uniformly compact f -invariant center foliation. Then the following hold:
1. The order of the center holonomy groups is uniformly bounded. 2. If E u is one-dimensional and oriented, then the set A of center leaves having holonomy groups of maximal order is closed, f -invariant and F cu -saturated.
Proof. The first item is a direct consequence of the Reeb Stability Theorem which gives us the semi-continuity of the map x Þ Ñ |HolpL x , xq|. So we can show the second item: First of all, the f -invariance and closedness of A is obvious. It remains to show that A is saturated by unstable leaves: Since F cs is a transversely orientable codimension-1 foliation every holonomy homeomorphism maps T Choose the transversal T at x to L x such that T Ă V where V is the neighborhood of Theorem 2.4. Then for every y P T u x it is |Hol pL y , yq| ď |Hol pL x , xq| and p : L y Ñ L x is a covering space. For every y P V the holonomy group HolpL y , yq equals the isotropy subgroup of HolpL x , xq for y. As every point y P T u x is fixed by the entire group HolpL x , xq, both holonomy groups coincide and |HolpL y , yq| " |HolpL x , xq| is implied. As M is compact and the center foliation is uniformly compact, we can find a finite cover of M (in particular of L 
Trivial center holonomy for one-dimensional unstable bundle.
We can now directly show that the holonomy of every center leaf is trivial if the unstable bundle E u is one-dimensional and oriented:
Theorem 4 (Trivial center holonomy). Let f : M Ñ M be a partially hyperbolic C 1 -diffeomorphism on a compact smooth connected manifold M . Assume that the center foliation F c is an f -invariant uniformly compact foliation and E u is onedimensional. Then the following statements hold:
1. If E u is oriented, then the center holonomy is trivial.
If E
u is non-orientable, then center leaves with non-trivial holonomy are isolated, and for every non-trivial holonomy homeomorphism H we have H 2 " id.
Recall that it is shown in [BB12] that f is dynamically coherent under our current assumptions. Consider a local transversal T at x to L x P F c and the foliations T s and T u induced by F cs and F cu respectively on T . We denote by A as above the set of all center leaves having a holonomy group of maximal order.
One-dimensional oriented unstable bundle.
Lemma 5.5. Let f : M Ñ M be a centrally transitive partially hyperbolic C 1 -diffeomorphism with an f -invariant compact center foliation. Assume dim E u " 1 and E u to be oriented. Then the holonomy of any center leaf is trivial.
Proof of Lemma 5.5. Using the assumption of an oriented unstable bundle, Lemma 5.4 implies that the set A of center leaves having a holonomy group of maximal order is closed, f -invariant and F cu -saturated. As f is centrally transitive, there exists a center leaf L 0 with a dense forward orbit tf n pL 0 qu ně0 . Choose any center leaf L Ă A. Then there exists k ě 0 such that f k L 0 is sufficiently close to L and the local stable leaf F s loc pf k L 0 q intersects the local unstable leaf F u loc pLq in a leaf L 1 which lies inside A as A is F cu -saturated. Under f n the iterates f n L 1 and f n`k L 0 are asymptotic and since the forward orbit of f k L 0 is dense, so is that of L 1 . The closedness of A then implies A " M . Because the generic center leaf has trivial holonomy (see [EMT77] ), we can conclude that all center leaves have trivial holonomy.
5.2.2.
One-dimensional non-orientable unstable bundle. As a direct consequence of Lemma 5.5 we can show that the order of any center holonomy group is at most 2:
Lemma 5.6. Let f : M Ñ M be a partially hyperbolic C 1 diffeomorphism having a uniformly compact center foliation. Assume that E u is one-dimensional and not orientable. Then the group order of any center holonomy group is at most 2. Further, every non-trivial holonomy homeomorphism reverses the orientation of E u .
Proof of Lemma 5.6. Let p u : M Ñ M be the 2-sheeted cover making E u oriented. Then Lemma 5.5 implies that the lifted center foliation p´1 u F c has only trivial center holonomy. Let L be a center leaf in M . Then there are two possibilities for the preimage p´1 u L:
1. The lift p´1 u L has two connected components, both diffeomorphic via p u to L. This means that every closed path γ P π 1 pLq is uniquely mapped to a closed pathγ Ă p´1 u L by fixing the starting point ofγ. The fundamental group of every connected componentL of p´1 u pLq is therefore isomorphic to the fundamental group of L, and as the center holonomy ofL is trivial, so is the center holonomy of L. 2. The lift p´1 u pLq has one connected componentL. The map p u |L :L Ñ L is therefore a covering of order 2; it is the covering which makes E u along L oriented. Consequently, π 1 pLq is isomorphic to a subgroup of π 1 pLq of index 2. The center holonomy group HolpLq ofL is trivial. Consider now the center holonomy group HolpLq of L which is isomorphic to π 1 pLq{ kerpHq where H is the group homomorphism π 1 pLq Ñ HomeopT q. Let γ P kerpHq be a closed path, then E u is oriented along γ. Therefore it corresponds to a closed path γ ĂL. On the other hand, consider p uγ forγ P π 1 pLq: as the center holonomy ofL is trivial, it lies inside the kernel kerpHq. Accordingly, we can identify p u˚p π 1 pLqq with kerpHq. Recall that HolpLq " π 1 pLq{ kerpHq " π 1 pLq{p u˚p π 1 pLqq. With this we can conclude that the center holonomy group HolpLq of L has order 2 and is generated by a closed path γ where E u is not oriented along γ, so the holonomy homeomorphism H γ generated by such a γ reverses the orientation of E u .
This result helps us to prove the second item of Theorem 4. Before we start with the proof, we recall that A denotes the f -invariant closed set of center leaves having a holonomy group of maximal order which is equivalent thanks to Lemma 5.6 to having a non-trivial holonomy group. Let L Ă A be a center leaf and T a transversal at x P L such that the holonomy group HolpLq is well-defined in its action on T . We state the following easy fact:
Claim 5.7. Let L and T be as above. Then for every nearby center leaf L 1 Ă A its intersection L 1 X T is a fixed point of the holonomy group HolpLq.
Proof of Claim 5.7. The leaf L 1 is sufficiently close to L, so with the Reeb Stability Theorem the map p : L 1 Ñ L is a covering map. The degree of this covering equals the quotient of |HolpLq| and |HolpL 1 q|. As L 1 and L are both contained in A, this quotient is one and the covering map is in fact a diffeomorphism. So L 1 intersects T in exactly one point which is therefore fixed by HolpLq.
For simplicity, we say therefore that leaves inside A are fixed points of the holonomy group.
Lemma 5.8. Let f : M Ñ M be a partially hyperbolic C 1 -diffeomorphism with an f -invariant uniformly compact center foliation. Assume dim E u " 1. Then the center leaves with non-trivial holonomy are isolated, and for every non-trivial holonomy homeomorphism H we have H 2 " id.
Proof of Lemma 5.8. Let p u : M Ñ M be the orientation cover making E u orientable. Then the center holonomy for the lifted center foliation is trivial with Lemma 5.5. Let L be a center leaf with non-trivial holonomy group. Then we know with Lemma 5.6 that its center holonomy group Hol pL, xq has order 2. Consequently, there exists a closed path γ P π 1 pL, xq with γp0q " x which generates the non-trivial holonomy homeomorphisms, and we denote such a non-trivial holonomy homeomorphism by H γ " H This sequence and all its iterates under f are contained in the set A. We will now choose a subsequence of backward iterates which lie each one in a distinct center stable plaque:
Claim 5.9. There exists a sequence k n with the following property: If f´k n L n and f´iL j for 0 ď i, j ď k n´1 are in the same center stable manifold F s pL n q, then their distance within the center stable manifold is greater than 1. In other words, there is a subsequence of backward iterates of L n whose elements are contained in an infinite number of distinct center stable plaques.
Proof of Claim 5.9. The leaves L and L n Ă F s loc pLq for n ě 0 are center leaves having a maximal holonomy group, so applying Lemma 4.10 we know that every stable leaf inside F s pLq intersects L and every L n exactly once. So, the stable distance between L and every L n is well defined by taking the supremum of d s pz, L s pzq X Lq over z P L n . As this distance is uniformly expanded by f´1, we can assure that we find iterates f´k n of L n such that they lie in distinct center stable plaques.
Now we show that the leaves of this subsequence are still fixed points for the holonomy group of its accumulation point:
Claim 5.10. The sequence f´k n L n has an accumulation point L˚. For k n sufficiently big, the points f´k n L n are fixed points of the center holonomy group of L˚.
Proof of Claim 5.10. The leaves f´k n L n are all contained in the set A which is compact and f -invariant. Therefore, there exists an accumulation point L˚inside A. By Claim 5.7 they are fixed points for the holonomy group of L˚. No more than perhaps one center leaf of the sequence L j is contained inside F s loc pL˚q. With Claim 5.11 this implies that they are no fixed points for the holonomy group of L˚contradicting Claim 5.10. So we can conclude that the center leaves with non-trivial holonomy are isolated.
Codimension 2.
To prove Theorem 4 for the case of a compact center foliation with codimension two an alternative way is available which we present here for its own beauty because it utilizes a different idea without recurring to the transitivity of f : let f : M Ñ M be a partially hyperbolic C 1 -diffeomorphism with a compact center foliation and assume dim E u " dim E s " 1. Assume that E u is oriented. Let A be the set of center leaves having a holonomy group of maximal order. It follows with Lemma 5.4 that A is a F cu -saturated set. The set A is non-empty, so there exists x P A such that the center unstable manifold L cu x Ă A which is an unbounded set inside the compact set A. Therefore it has to accumulate inside A. Let z P A denote the accumulation point. Then we find a Reeb stability neighborhood V of z and a sequence tD cu n pxqu něN Ă V of center unstable plaques of L cu x accumulating at z. The center unstable plaques D cu n pxq intersect the local stable manifold D s pzq in points x n converging to z which are therefore fixed points of the center holonomy group H| D s pzq restricted to the stable direction. As E s is one-dimensional, this group H| D s pzq has at most two elements and unless it is the trivial group, z is its unique fixed point. So it is implied that H| D s pzq is the trivial group, but z P A which implies that the maximal order of a center holonomy group is one, consequently it is A " M finishing the proof.
Codimension 3.
This proof is only a sketch to show which kind of arguments might play a role to prove the trivial holonomy: let f : M Ñ M be a partially hyperbolic C 1 -diffeomorphism with a uniformly center foliation and assume dim E u " 1, dim E s " 2 and E u is oriented. Define the set A as above. With the same argument as above we can conclude that for every x P A an arc σ x Ă L s pxq lies inside A containing the fixed point of the center holonomy group of x restricted to the stable direction. This induces two one-dimensional foliations on A, a stable one by σ x and the unstable foliation. Denote with H the holonomy group of maximal order and lift A toÃ (such that A{H " A), the holonomy cover of H. Then every connected component ofÃ{F c is a two-dimensional tori. As F is transitive, this is impossible.
Margulis measure
In this section we prove Theorem 2. This proof follows the main ideas of the classical proof by Margulis ([Mar70] ) and its modern version in [HK95] . Note that the assumed differentiability of f is now C 2 as we have to use the absolute continuity of the stable and unstable foliations.
Remark 6.1. Theorem 2 under the additional assumption of a one-dimensional unstable direction is more easily proved in the recent article [Gog11] by Gogolev. He also adapts the proof by Hiraide written down for codimension one Anosov diffeomorphisms for his setting of a partially hyperbolic diffeomorphisms with a compact center foliation with simply connected leaves and a one-dimensional unstable direction -corresponding to our last section 7.
Remark 6.2 (Notations).
‚ Each leaf of the five f -invariant foliations, F u , F cu , F c , F cs , F s , is a Riemannian manifold, so it is endowed with a Riemannian metric and the volume induced by this metric. We denote that volume inside the respective leaf by vol where the context makes it clear which leaf is meant.
ǫq, the union of local unstable disks through a center leaf L. Analogously, F u pLq is the union of unstable leaves through the center leaf L which is equal to the center unstable leaf L cu containing L.
The intuitive idea of the construction is quite simple, and we explain it shortly before we proceed with the formal and quite technical proof: 6.1. Intuition for proof. As f is centrally transitive, every center stable and center unstable leaf is dense. Fix an unstable leaf L However it is not clear that this limit exists. This is the main technical difficulty of the proof. We will first have to see that the corresponding sequence is bounded. More precisely, as a consequence of the minimality of the center stable foliation, one can partition B into measurable sets B 1 , . . . B k such that for each i there is a stable holonomy map h s that sends the saturated set F c B i inside F c A (see Corollary 6.9). The absolute continuity of the stable holonomy implies that, for n Ñ 8, the quotient of the volume of f n pF c B i q by the volume of f n ph s pF c B iconverges to 1 (see Lemma 6.8). The measure of f n pF c Bq will be the sum of the volumes of F c B i . So we get that the sequence volpf n pF c Bqq volpf n pF c Aqq has an upper bound (and we get a lower bound symmetrically). Some functional analysis will be needed here: the measure µ L u pBq of the set B will be established as a limit of a subsequence of convex combinations of elements volpf n pF c Bqq volpf n pF c Aqq . By construction, this limit measure will be invariant under center stable holonomy. It should be noted that after the adaptation of the definitions modulo the center foliation and smaller changes the proof is analogous to the classical proof of the Margulis measure (cf. [Mar70] ) which is nicely explained in [HK95] . So, the main point of this section and the principal idea behind the proof is to define the relevant objects such that we can follow the lines of the classical proof without major changes. The present version of the proof of the Margulis measure seems to allow an easy adaptation to other settings, so that we hope that it might help to discover new and interesting applications for the Margulis measure.
6.2. Preliminary results. Before we start with the proof we state the following facts which are directly implied by our hypothesis. The following is a reformulation of Corollary 4.10 in the trivial holonomy setting:
This will allow us to find global stable holonomies between unstable neighborhoods of center leaves. Let us first define stable holonomies:
The stable projection distance of h s is the maximum of the distances between x P W and h s pxq along the stable foliation:
We have the following elementary fact on holonomies:
Lemma 6.5. Let h s : V Ñ W be a stable holonomy map between two manifolds V and W as in Definition 6.4, with stable projection distance strictly less than some ρ ą 0. For any manifold U whose closure is included in V and for any manifoldŨ C 1 -close enough to U , there exists a stable holonomy map fromŨ to W with stable projection distance less than ρ.
The next lemma follows from the existence of a dense orbit of center leaves and the density of periodic center leaves within M -following the classical proof that the stable and unstable foliations of a transitive Anosov diffeomorphism are minimal.
Lemma 6.6 (Minimality of foliations). Under the assumptions of Theorem 2 the center stable foliation is minimal, i.e. every center stable leaf is dense in M .
With the results above we can state the following auxiliary statement:
u be an open non-empty set with compact closure inside the unstable leaf L u . Then there exists ǫ ą 0 and ρ ą 0 such that for any x P M and for any unstable disk D u of radius ǫ ą 0 centered at x there exists a stable holonomy map h s which sends
Proof of Lemma 6.7. Let L be a center leaf going through a point x P M . By Lemma 6.6, there exists a center leaf L 1 Ă F c A that lies in the same center stable leaf L cs pxq. By Lemma 6.3, the map The following corollary is necessary for the proof of the expansivity of the measure:
Corollary 6.10. Let A be as in Lemma 6.9 and ρ ą 0 as given by Lemma 6.7. For any open non-empty set B with compact closure inside an unstable leaf there exists n ą 0 such that there exists a stable holonomy map h s which sends f´npF c Bq inside F c A, with stable projection distance less than ρ.
Proof of Corollary 6.9. Lemma 6.7 implies that there exists ǫ ą 0 for A such that any unstable disk D u of radius ǫ is mapped into F c A by a stable holonomy map of stable projection distance less than ρ. For n large enough, f´npBq is contained inside an unstable disk of radius ǫ.
6.3. Proof of Theorem 2.
6.3.1. Construction of the family of measures. Now we can start defining the principal objects for the proof of Theorem 2: denote by C c pL u q the set of continuous functions φ : L u Ñ R with compact support. Denote with Cc pL u q the subset of non-negative continuous functions with compact non-empty support endowed with the supremum norm }φ}. Define the sets
Define the set
The set L can be embedded into ś φPCc R φ by the evaluation map G Þ Ñ ś Gpφq. We can see the injectivity of this embedding as follows: consider G, H P L which are equal for all non-negative functions φ P Cc , Gpφq " Hpφq. Every function φ P C c can be written as the difference of two non-negative functions, hence, the linearity of G, H implies that Gpφq " Hpφq for all φ P C c , so we have G " H. The infinite product ś φPCc R φ is a locally convex topological vector space, endowed with the product topology. The next step is the principal difference between Margulis' original construction and our adaptation. Symmetrically to Lemma 6.3, we have the following: Lemma 6.11. Each stable leaf L u intersects each center leaf L c P F c pL u q in exactly one point.
Thanks to that we can extend for every L u P F u every function φ P C c pL u q to a functionφ on F c pL u q constant along every center leaf. More precisely, we havẽ φpzq " φpzq for all z P L u andφpzq "φpz 1 q for every z 1 P L With the help of these preliminary definitions and results we can now start to construct the family of unstable measures: define a "normalized integral with respect to volume" for all
By induction it is easily proved that Φ n pGqpφq " Gpφ˝f´nq Gpφ 0˝f´n q for all φ P C c , n ě 0.
Lemma 6.12. The map Φ is continuous (with respect to the product topology).
Proof of Lemma 6.12. For L 0 Ă ś R φ a basis of the product topology is given by the sets U Ă L 0 of functionals G such that there exists finitely many functions φ i P Cc , i " 1, . . . , m and open intervals
be an open set. The set Φ´1U :" GˇˇΦpGq P U ( " GˇˇΦpGqpφ i q P I i ( is then equal to GˇˇGpφ i˝f´1 q P pGpφ 0˝f´1 qqI i ( . The functions φ i˝f´1 are obviously functions inside Cc , and pGpφ 0˝f´1is a constant, so pGpφ 0˝f´1 qqI i is still an open interval. Hence, the set GˇˇGpφ i˝f´1 q P pGpφ 0˝f´1 qqI i ( is an open set in the product topology.
Consider Φ n pHq for n ě 0. Then we can show that for all n ě 0 the functionals Φ n pHq are contained in a compact subset of L 0 :
Lemma 6.13. For every non-zero φ P Cc there exist constants cpφq, Cpφq ą 0 such that for all n ě 0 it is
Proof of Lemma 6.13. Consider φ P Cc pL u q and δ ą 0 such that the open set
is nonempty. The support of φ is a compact set with nonempty interior inside L u . Applying Lemma 6.7 to the set B we fix ǫ ą 0 associated to B. By Corollary 6.9 we find finitely many unstable disks D u i , i " 1, . . . , k of radius ă ǫ inside L u whose union cover supppφq. Then we get for any n ě 0 that
Applying Lemma 6.8 to B and the sets D u i we get for n ě 0 żφ˝f´n d vol ď Ck volpf n pF c Bqq }φ} .
Note that
Exchanging the roles of φ and φ 0 we can construct in the same way a lower bound cpφq.
As ś φ rcpφq, Cpφqs is a convex compact set, for all k ě 0 the convex hull co něk pΦ n pHqq is also contained inside ś φ rcpφq, Cpφqs and its closure C k :" co něk pΦ n pHqq is a convex compact set. This implies that the intersection C 8 :" Ş kě0 C k is also a convex compact set.
Lemma 6.14. For every k ě 0 we have ΦpC k q Ă C k .
Proof of Lemma 6.14. Consider G " ř m i"0 c i Φ ni pHq with n i ě k and ř m i"0 c i " 1. The element G lies inside co něk pΦ n pHqq. We will show by direct calculation that ΦpGq lies inside co něk`1 pΦ n pHqq. Let φ P C c .
So ΦpGq is a finite convex combination with n i`1 ě k`1 for i " 0, . . . , m and
Thus, ΦpGq P co něk`1 pΦ n pHqq. Utilizing the continuity of Φ we can conclude.
Lemma 6.15. Every element G P C 8 is holonomy invariant, that is, for any pair φ, ψ P Cc such thatφ "ψ˝h s , for some stable holonomy map h s , we have Gpφq " Gpψq.
Proof of Lemma 6.15. Let G P C 8 . Then for every neighborhood U of G there exists N ě 0 such that ř m i"0 c i Φ ni pHq with n i ě N lies inside U . Let φ, ψ P Cc such thatφ "ψ˝h s . Then we prove the following claim:
Claim 6.16. For every ǫ ą 0 there exists N ě 0 such that
Proof of Claim 6.16. The map h s n " f n˝hs˝f´n is also a holonomy map and φ˝f´n "ψ˝f´n˝h s n . The claim is a direct implication of the absolute continuity and Lemma 6.8:
The fraction
for n ě 0 is bounded because the functions ψ and φ 0 are bounded and the fraction for their supports is bounded by C ą 1 associated to A by Lemma 6.8. The jacobian of h s n tends to 1 with n Ñ 8, as seen in the proof of Lemma 6.8, therefore there exists N ě 0 such that the claim is proved.
Hence, for every ǫ ą 0 we can find a neighborhood U of G such that G 1 pφq, G 1 pψq lie in small open intervals for G 1 P U and such that ř m i"0 c i Φ ni pHq with n i ě N lies inside U and with the Claim above we get:ˇˇˇˇm
So we can conclude that Gpφq " Gpψq, and G is therefore holonomy invariant.
The following fixed point theorem holds in our context:
Theorem 6 (Tychonov, Schauder). Let X be a locally convex topological vector space and ∅ ‰ E Ă F Ă X with compact E and convex F . Then every continuous f : F Ñ E has a fixed point.
Applying this theorem to Φ : C 8 Ñ C 8 we can conclude that there exists L P C 8 such that ΦpLq " L. By the Riesz representation theorem (cp Theorem 2.14 in [Rud87] ) there exists an isomorphism between the space of positive linear functionals on C c pL u q and the space of positive regular Borel measures on L u . Therefore we can map L| CcpL u q for every 
0 whose stable projection distance is less than δ and th
Proof of Proposition 6.17. Fix an arbitrary n ě 0 and δ ą 0. Choose n disjoint unstable disks D Lemma 6.18. There exists α ą 1 and k P N such that for all n ě k we have Φ n pHqpφ 0˝f´k q ą α.
Proof of Lemma 6.18. Recall that supppφ 0 q Ă L . Proposition 6.17 implies the existence of k and by choosing δ ą 0 small enough we can guarantee that Jacph s i q ą 1{2 for i " 1, . . . , N . This implies Lemma 6.18 as follows:
Dividing by şφ 0˝f´k d vol we get
The choice of N then directly finishes the proof.
Now we can quite directly deduce that the measure family is expanding under f .
Lemma 6.19. There exists
Proof of Lemma 6.19. The existence of a constant β is clear: the functional L is a fixed point of Φ, therefore we have ΦpLqpφq " Lpφ˝f´1q Lpφ 0˝f´1 q " Lpφq for all φ P C c , and naturally also Φ k Lpφq " Lpφq for k ě 0. So, it is β :" Lpφ 0˝f´1 q and β k " Lpφ 0˝f´k q. Therefore we only need to prove that β ą 1. For that it suffices to show that there exists k P N such that Lpφ 0˝f´k q ą 1. As L P C 8 , for every neighborhood U of L there exists n such that the element Φ n pHq P U . Accordingly, Lemma 6.18 straightforwardly implies Lemma 6.19. Now we can finally prove the last property which is an easy consequence of the minimality of the center stable foliation and the holonomy invariance of tµ L u u:
Corollary 6.20. For every unstable leaf L u P F u the measure µ L u constructed above is non-atomic.
Proof. Assume there exists L u P F u and y P L u such that µ L u ptyuq ą 0. The family of measures is expanding under f , therefore, every point f n pyq for n ě 0 is also an atom with a positive measure β n µ L u ptyuq. Consequently, there exists N such that µ f N L u p f N pyq ( q ą 1. Fix ǫ ą 0 associated to our set A Ă L u 0 given by Lemma 6.7 and consider D u pf N pyq, ǫq, then there exist a subset C N of A and a holonomy map h s such that 
We have now established a holonomy invariant family of non-atomic Borel measures µ L u which are expanding under f , so the proof of Theorem 2 is finished.
6.3.3. A final property. We can also show the following property of our family of measures tµ L u u which will be useful in the following Section 7:
Corollary 6.21. The measure µ L u pD u px, Rqq of any unstable disk of radius R ą 0 tends to infinity for R Ñ 8.
The corollary is quite directly implied by the following slight generalization of Lemma 6.7:
Lemma 6.22. For any R ą 0 there exist ǫ ą 0 and ρ ą 0 such that for any disk D u pRq of radius R and any disk D u pǫq of radius ǫ there exists a stable holonomy map h s which maps F c pD u pǫqq into F c pD u pRqq such that the stable projection distance is strictly less than ρ ą 0.
Proof of Lemma 6.22. Fix an arbitrarily chosen R ą 0. By Lemma 6.7 we have the following: for any unstable disk D u pRq there exists ǫ ą 0 and ρ ą 0 with the properties above. We have to prove that ǫ, ρ ą 0 can be chosen independently of the set D u pRq, depending only on the radius R ą 0. But this is just a consequence of the compactness of the manifold M . Accordingly, if N goes to infinity, the measure µ L u pD u px, N Rqq also goes to infinity.
6.4. Margulis measure. For the classification of partially hyperbolic diffeomorphisms with a one-dimensional unstable direction we do not need a complete Margulis measure. But as we have already constructed the family of unstable measures it is quite easy to complete the construction obtaining the complete Margulis measure. Accordingly, we give here a sketch of the proof. A family of measures tµ L s u on the stable leaves are constructed in the exact symmetric way as the family of unstable measures tµ L u u above exchanging f´1 by f . This family is by construction invariant under the center unstable holonomy h u and contracted by f by a constant 0 ă γ ă 1. It is left to prove that γ " β´1. With these two family of measures we can construct a complete f -invariant measure µ on M by taking the local product of the measures: let U i be a F c -saturated product neighborhood as defined at the beginning and define µ Ui on U i as follows for any non-empty open F c -saturated set A Ă M with compact closure:
To assure the well definedness of this measure we have to show that L 1 Þ Ñ µ L u pA X F u loc pL 1is a measurable map. This local measure can then be canonically extended to the whole M .
Remark 6.23.
1. Looking at the ingredients for the construction of the family tµ L u u you recognize that there are three principal: given two foliations F , G transverse to each other it is necessary for a family of measures on leaves of F that the local holonomy along leaves of G is absolutely continuous. Further, G must be a minimal foliation. So, if the stable foliation is minimal for a partially hyperbolic C 2 diffeomorphism with a compact center with trivial holonomy, then we can in an analogous way construct a family of measures on the center unstable leaves invariant by the strong stable holonomy. You can think of many other dynamics which fulfill these three assumptions allowing an adaptation of the proof above. 2. While certainly quite technical because of the use of local holonomy covers we think that it is nevertheless possible to adapt the proof for the finite holonomy setting.
6.5. Induced measure on the quotient space. Under the hypothesis of this chapter, the quotient space π : M Ñ M {F c of the compact center foliation with trivial holonomy is a topological manifold. The family tµ L u u of measures can be seen as a family of measures tµ L u u on the quotient space such that µ L u has its support on the unstable leaf πL cu : every measure µ L u is defined on an unstable leaf of the unstable foliation in M {F c induced by the center unstable foliation F cu via π. In the same way, we obtain a measure family µ L s on the stable leaves obtained by projecting the stable measure family onto M {F c . As the complete measure µ is defined for F c -saturated sets we can directly project it to a measure on the quotient space M {F c .
Remark 6.24. Oxtoby and Ulam showed in [OU41] that any Borel measure on I n , the n-dimensional cube, is topologically equivalent to the n-dimensional LebesgueBorel measure if and only if it is everywhere positive (that is, positive for non-empty open sets), non-atomic, normalized and vanishes on the boundary. Hence, especially in the case that the unstable bundle is one-dimensional, then every measure µ L u restricted to an open interval is topologically equivalent to Lebesgue λ, that is, for every x there exists a homeomorphism h such that h˚pλq " µ L u .
Conjecture 6.25. Under the hypothesis of Theorem 2 it is not difficult to see that the induced F -invariant measure µ on the leaf space M {F c is an ergodic measure for the induced quotient dynamics F . We conjecture that it is the entropy maximizing measure for F being constructed as Margulis measure.
Quotient dynamics is conjugate to hyperbolic torus automorphism
In this section we follow more or less the proof by Hiraide ([Hir01]) of Franks' Theorem ( [Fra70] ). So, we refer the interested reader for details to the original proof and enlist here only the main steps ensuring that the lack of differentiability on the quotient space does not create any problems for us. We also would like to cite [Gog11] who adapts the same proof to his setting. Franks' Theorem states that any transitive Anosov diffeomorphism with a onedimensional unstable (or stable) direction is conjugate to a hyperbolic torus automorphism. We establish this statement for the induced dynamics on the quotient space of a compact center foliation with trivial holonomy where the induced unstable foliation is one-dimensional. The quotient space is a priori a topological manifold, and the induced dynamics is a homeomorphism. Hence, we show the following theorem:
